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E S T I M A T E S  O F  T H E  N O R M A L  V E L O C I T I E S  

O F  P R O P A G A T I O N  O F  L A M I N A R  A N D  V E R Y  

S M A L L - S C A L E D  T U R B U L E N T  F L A M E S  

V.  S.  B a u s h e v  a n d  V .  N .  V i l y u n o v  UDC 536.46 : 533.6 

On the mos t  genera l  assumpt ions  (taking account of the L e w i s - S e m e n o v  number ,  t h e r m a l  ex-  
pansion,  va r iab i l i ty  of t he rm ophys i ca l  p a r a m e t e r s ,  etc.) ,  analyt ical  e s t i m a t e s  are obtained for  
the n o r m a l  ve loc i t ies  of combust ion of l amina r  and turbulent  f l ames .  In the case of an Arrhenius  
dependence of the reac t ion  ve loc i ty  on the t e m p e r a t u r e ,  the combust ion veloci ty  is r e p r e s e n t e d  
by an asympto t ic  s e r i e s  with r e spec t  to the F rank -Kamene t sk i i  d imensionless  t e m p e r a t u r e ;  for  
turbulent  f l ames ,  with r e spec t  to a p a r a m e t e r  of the re la t ive  sca le  of turbulence .  The final r e -  
sul ts  ove r  a wide range of change of p a r a m e t e r s  are  compa red  with a numer i ca l  calculat ion on 
a compute r  of the exact  equations and with the re la t ions  obtained by the method of combined 
asympto t ic  expans ions .  

1 .  M a t h e m a t i c a l  F o r m u l a t i o n  o f  t h e  P r o b l e m .  L a m i n a r  F l a m e  

When the t e m p e r a t u r e  dependence of the ra te  of the volume heat r e l e a se  is de te rmined  b y t h e A r r h e n i u s  
law 

(I3 = (p(T)),~v,,z(T) exp ( - -  E / R T ) ,  (1.1) 

the t h e r m a l  diffusion m e c h a n i s m  of propagat ion  of a one -d imens iona l  s teady f lame is desc r ibed  [1] by the s y s -  
t e m  of equations 

dp/du = v,,k(u)l(u)/p - -  0~; (1.2) 
( l !L)dv /du  = 1 - -  o~(v - -  u)/p,  0 < u < I 

and with the boundary conditions 

u = O ,  p = 0 ,  v = O ;  
u = l , p = O ;  

](u) = (exp(--Oou/(t - - zu ) ,  O ~ u ~ 8  
0, e < u ~ <  t. 

(i .3) 
(1.4) 

(I .5) 

The . cu tof f .  equation (1.5) of the heat r e l e a s e  (~ is the "cutoff" p a r a m e t e r )  en su re s  the ex is tence  of an 
eigenvalue a~ 0 of  the p rob l em  (1.1)-(1.4), which is unique when 1 -<Le < ~ [1]. The question of uniqueness when 
Le < 1 s t i l l  does not have a solution. 

The re la t ions  between the d imens ion less  and dimensional  quanti t ies  are 

u = ( T + - - T ) / ( T + - -  T_); p = --(k/k+)du/d~; ~ = x/x+, k(u)= (%/k+Xp/,o+)~z/z+; 
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Le = )JcpD;  ~ = R T + / E ;  x+ = ( a + T + ) l ' 2 ;  a_  b = )~+/cp_{_; 

~+ = z~lp~_ - n  exp (1 / ~); 0) = w+ (x+ / a+)i/2; 

0 o = ( E / R T ~ _ ) ( T + - T _ ) ;  o = ~ 0  0 = l - T _ / T + ,  

where v is the concentra t ion;  T is the t e m p e r a t u r e ;  w+ is the n o r m a l  veloci ty  of f lame propagat ion,  re la t ive  
to the reac t ion  products ;  c = e o n s t  is the specif ic  heat at constant pressure~  p=p(T)  is the density; D=D(T) 
is the effect ive coefficient  of diffusion; n is the reac t ion  o rde r ;  x+ is the spa t ia l  sca le ;  z(T) is the f requency 
factor ;  Le is the L e w i s - S e m e n o v  number ;  ~-+ is the c h a r a c t e r i s t i c  t ime  of chemica l  react ion;  E is the ene rgy  
of activation; R is the gas  constant .  We denote the p a r a m e t e r s  r e f e r r i n g  to the initial  mixture  and to the final 
reac t ion  products  by the subsc r ip t s  minus and plus,  r e spec t ive ly .  A s i m i l a r  indexing is used l a t e r  for  de-  
noting the upper  and lower  bounds of functions and ve loc i t i e s  of combust ion.  

In the spec ia l  case  of power  functions h~Tml ,  p ~ T  -n,  z ~Tin2, 0 --- ml~<l , 0 -< n-< 3, 0 -< m2~<1 , we have 
k(u) = (1 - a m ) m m  = m 1 - n  + m 2. 

Fu r the r  cons idera t ion  is val id  also in the case  when the t e m p e r a t u r e  dependence f(u) differs  f r o m  the 
Ar rhen ius  dependence, but s a t i s f i e s t h e  conditions for  the exis tence  and uniqueness of the eigenvalue COo. 

The case  of the dependence of the solut ions of s y s t e m  (1.2) with the conditions (1.3) on CO is denoted by 
the following equations:  

Obviously,  
p(u) =~((o, u); v(u)= ~(o), u) 

d p / d u  = O-p/Ou; dv /du  = ~ / O u .  (1.6) 

The boundary condition (1.4), taking account of Eq. (1.5), is equivalent  to the condition 

p(e) --  0)(l - -  e) = 0. (1.7) 

The re fo re ,  instead of Eq. (1.4), Eq. (1.7) can be used, and the solutions of s y s t e m  (1.2) can be cons idered  only 
in the region 0 < u < e. 

2 .  E s t i m a t e s  of  C o m b u s t i o n  V e l o c i t i e s .  L a m i n a r  F l a m e  

When Le =1, s y s t e m  (1.2) r educes  to a single equation: 

d p / d ~  = (~(u)/p - -  (o, (~(u) = u" k (u) / (u) .  (2.1) 

We shal l  a s sume  the "cutoff" p a r a m e t e r  to be va r i ab le  and we shal l  denote it by t, 0 <t < e. The e igen-  
value COo =CO0 (t) will be sa t i s f ied  according to Eq. (1.7) by the equation 

p(r t) - -  a)o(i --  t) = O. (2.2) 

Different iat ing this  equation with r e s pec t  to t ,  and taking into account that accord ing  to Eq. (1.6) 

Oplat  + o) o = l i m ( d p / d u  + O)o) = r t) = qD(t)la)o(l - -  t), 
l t ~ t  

and denoting q(t) ~-~1@, t) =3 ~@, t)/3CO, we obtain the different ia l  equation for  x0: 

do)o/dt = q~(t)/{(o0(t --t) [1 --  t --  ~o)0, t)]} (2.3) 

with the condition CO0(0) =0, which follows f r o m  Eq. (2.2) 

According to the t h e o r e m  of e s t i m a t e s  [2], with inc rease  of CO the solution of Eq. (2.1) with the condition 
p(0) =0 is reduced;  t he r e fo re ,  q <0. Different ia t ing Eq. (2.1) with r e spec t  to co, we obtain 

dq/ &t  -~ - - (  q~(u)/ p2)q - -  t .  

When u = 0 ,  q =0, and t h e r e f o r e  
t 
f~( , )  

q it)  = - -  Jo p--'~ q d u  - -  t > - -  t. 

After  substi tut ion in Eq. (2.3) of  the upper  (q+=0) and lower  (q_= - t )  functions and af ter  st{bsequent i n t eg ra -  
tion, we find the upper  and lower  e s t i m a t e  of COo: 

r = 2 f ~ (u) r176 2_ f ~ (u) du (2.4) J ( l - ~ ' ~ ) ~ d u ;  = 2 j T - - u 0  " 
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Fig. 1 

S i m i l a r  r e l a t i o n s  a r e  o b t a i n e d  in [3] by  a m o r e  c o m p l e x  me thod .  The  a p p r o x i m a t e  f o r m u l a  of  Z e l ' d o v i c b  
i s  w e l l - k n o w n  [4]: 

w i l l  be g r e a t e r  than  w 0. 
have 

+ { ~o~ = 2 ~ (u) du. (2.5) 

F o r m u l a  (2.5) g i v e s  a va lue  f o r  woowhich is  l e s s  than  the  l o w e r  e s t i m a t e  o f  Eq.  (2.4). 

F o r  the  two e q u a t i o n s  of  (1.2), s i m i l a r l y  to  the  f o r e g o i n g ,  we have  

d{%/dt = [-v'+((oo, t)k(t)/(t)]/{(oo(t - -  t)[ l  - -  t - -  ~(Oo, t)]}. (2.6) 

Equa t ion  (2.6) can  be u s e d  fo r  f inding  an e s t i m a t e  of  w0, i f  the  e s t i m a t e s  o f  v and q a r e  known. A s i m p l e r  rou te  
c o n s i s t s  in the  use  of  f o r m u l a s  (2.4). We s h a l l  s u p p o s e  tha t  an u p p e r  funct ionv+(u)  has  been  found, i n d e p e n -  
dent  of o:, such  tha t  v < v+. The  e i g e n v a l u e  w0t of  the  p r o b l e m  

dp~/ du = v~ k (u) ] (u) / p~-- o), p ~ ( 0 ) = l ) ~ ( t ) = 0  

A c t u a l l y ,  in c o n s i d e r i n g  the  s o l u t i o n  o f  t h i s  equa t ion  wi th  the  cond i t ion  Pl (0)= 0, we 

p~(l) = p,(,.%, e) - {oo(i - z) > p(~o, 8) - ~Oo(1 - ~) = O, 

and,  in o r d e r  tha t  pl(1) v a n i s h e s ,  it is  n e c e s s a r y  to  i n c r e a s e  a). It can  be s e e n  in F i g .  1 tha t  the  u p p e r  e s t i -  
m a t e  f o r  w01 , wh ich  can be o b t a i n e d  by m e a n s  o f  Eq.  (2.4), w i l l  be the  u p p e r  e s t i m a t e  a l so  fo r  w 0. 

In a s i m i l a r  way,  i t  w i l l  be shown tha t  i f  rv(w0, u) > v_(u),  the  l o w e r  e s t i m a t e  wo2 fo r  the  e i g e n v a l u e  of  the  
p r o b l e m  

dp._,/du =vh(u)k(u) / (u) /p . ,_  - -  co, p~(0) = p~(l) = 0 

i s  the  l o w e r  e s t i m a t e  a l so  fo r  w o (see  F ig .  1 ) .  

A .  The  C a s e  1 -  < Le < ~ o  F o r  s i m p l i c i t y  we put L e = c o n s t .  We s h a l l  show tha t  

v_(u) = u < b~(o, u) < i -  (t - u) L~ = ~+(u). (2.7) 

The  e x p a n s i o n  of  the  s o l u t i o n  o f  s y s t e m  (1.2) and (1.3) in s e r i e s  o f  p o w e r s  of  u in the  v i c i n i t y  of  u =0 has  
the  f o r m  

p = p o u + p o u 2 / 2  - . . . ;  ~ ' - - - - v 0 u T v 0 u - / 2 +  . . . .  

The e x p a n s i o n  c o e f f i c i e n t s  a r e  e q u a l  to  

v~=-,o+V,+~+4~.,Lo-,, v~- '~+L 
2Le -1  ' m+Le-- lp0 '  ] % : k ( 0 ) ,  n =  I; 

p 0 = 0 ,  p0=Uk0/r  v~-----t v '~=(2ko / (O2) ( l - -Le -~ ) , n=2  

( so lu t ions  a r e  c o n s i d e r e d  which  a r e  p o s i t i v e  in the  v i c i n i t y  of  u = 0 ) .  It can be s e e n  tha t  v > u  in the  v i c i n i t y  of  
u = 0 fo r  any v a l u e s  of  ~o. I f  we s u p p o s e  tha t  v > u w h e n  0 < u  < u 0 a n d  v ( u  0) = u 0 ,  then  at t h i s  point  we shou ld  have 
dv (u0)/du-< 1; in r e  a l i t y  [which fo l lows  f r o m  the  s e c o n d  equa t ion  of  (1.2) ], dv(u0)/du = Le > 1. The c o n t r a d i c t i o n  
o b t a i n e d  p r o v e s  the  l e f t - h a n d  s ide  of  i nequa l i t y  ( 2 . 7 ) .  

It  fo l lows  f r o m  the  f i r s t  e q u a t i o n  o f  (1.2) t ha t  

(dldu)(p + r = k ( u ) v ' ~ [ ( u ) / p  - -  {o, 

whence  fo l lows  the i n e q u a l i t y  p (wo, u) +wou < ~(wo, ~ ) +w o ~ .  T a k i n g  account  of Eq.  (1.7),  we ob ta in  P(~o, u) < ~ 0 ( 1 -  u). 
Subs t i t u t i ng  the  quan t i t y  w0(1-u)  in p l a c e  of  p in the  s e c o n d  equa t ion  of  (1.2) and so lv ing  it ,  we a r r i v e  at the  
u p p e r  e s t i m a t e  v+; i n e q u a l i t y  (2.7) is  p r o v e d .  

In a c c o r d a n c e  wi th  what  has  been  s t a t e d ,  the  e s t i m a t e s  a s s u m e  the  f o r m  

r = 2 . (! --  u)~ " du; (2.8) 
9 
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If Le ~ c o n s t ,  t hen  

2 f unk(u) f(u) ~o_ = 2 ,  ~--~-  du. 
0 

v+ (u )=  l - - e x p  (biLe(u)du ) 

and e s t i m a t e  (2.8) c h a n g e s  in a c o r r e s p o n d i n g  m a n n e r .  

B. The  C a s e  0 < Le < 1. The  i n e q u a l i t y  v_ = 1 -  ( l - u )  Le  <v <u =v+ is  p r o v e d  by s i m i l a r  c o n s i d e r a t i o n s  
f o r  Le = cons t .  In a l l ,  we have 

(2.9) 

o~_ = 2 (1--,02 du; (2.10) 
0 

(o 2 - 2 .f it --  (t --  u)Lepk (u) f (u) du. = ~ - - ~  (2.11) 
0 

When  Le ~ c o n s t ,  v_ and the  l o w e r  e s t i m a t e  of  Eq.  (2.11) a r e  changed .  

I f  c e r t a i n  e i g e n v a l u e s  e x i s t ,  t hen  t h e y  a r e  a l l  i nc luded  be tween  o)+ and ~o,  d e t e r m i n e d  by f o r m u l a s  (2.10) 
and (2.11). The  u n i q u e n e s s  of  w0 in the  c a s e  L e - > l  fo l lows  f r o m  the  m o n o t o n i c i t y  of  the  funct ion ~@, 1)=~(Go, c ) -  
~ ) (1 -c )  [it is  shown in [1] t ha t  wi th  i n c r e a s e  o f a ~ t h e  funct ion ~(co, 1) d e c r e a s e s  (~(a), 1) <0) ] .  In the  c a s e  Le <1,  
it  is  not p o s s i b l e  to show a n a l y t i c a l l y  the  n e g a t i v i t y  of  ~@, 1). By m e a n s  of  a n u m e r i c a l  e x p e r i m e n t  fo r  the  
p a r a m e t e r s  G _< 00-<14, 0.1-< Le < 1 and d i f f e r e n t  v a l u e s  o f  a ,  we s h a l l  show tha t  q(w, 1) < 0 and, c o n s e q u e n t l y ,  

w 0 is  unique .  

C. The  C a s e  Le= ~. The u p p e r  e s t i m a t e  is  o b t a i n e d  f r o m  Eq.  (2.8), d e t e r m i n e d  by the  t r a n s i t i o n  ( L e ~  ~) 

i ~ (") / (u)  (2.12) o)+ = 2 ~ (l -- u)~ du. 

The l o w e r  e s t i m a t e  (2.9) is  u n c h a n g e d .  A b e t t e r  l o w e r  e s t i m a t e  t han  Eq.  (2.9) can  be o b t a i n e d  i f  we s t a r t  not 
f r o m  s y s t e m  (1.2), but f r o m  one equa t ion  to  ~r t h i s  s y s t e m  is  r e d u c e d  fo r  Le = ~:  

dp/du = (u -4- p/o~)'~k(u)f(u)/P --  (o. 

The  equa t ion  fo r  co 0 a s s u m e s  the  f o r m  

d ~  / dt = [2k (t) / (t)l ! {(1 - -  t) i t  - -  t - -  q (%, t)l}. (2.13) 

When n = 1, we have 

dqldu = --(uk(u)f(u)/'p~')q --  (k(u)f(u)lo)'-) - I. 

T a k i n g  into account  tha t  q < 0, we ob ta in  
t t 

1 
= 

0 li 

Subs t i t u t i ng  q_ i n s t e a d  of  q in Eq.  (2.13), we f ind 

~ ---- .f k (u) f (u) (1 - -  u ) - ldu .  (2.14) 
0 

In the  c a s e  n = 2, s i n c e  (u + p/co)2 > u 2 + (2u/wp),  the  l o w e r  e s t i m a t e  f o r  the  e i g e n v a l u e  of  the  p r o b l e m  

dp/du--[ (u  ~ + 2up/(o)k(u)f(u)/p] - -  (% p(0) = p(t)  = 0 (2.15) 

wi l l  be the  l o w e r  e s t i m a t e  a l so  f o r  w0. The  equa t ion  f o r  w 0 of  p r o b l e m  (2.15) has  the  f o r m  

dO~o __ 2t (2 - -  t) k ( t )  f ( t)  ( 2 . 1  6)  
dt ( l - - t ) [ l - - t - -q ( t%, t ) ]  

D i f f e r e n t i a t i n g  Eq.  (2.15) we r e s p e c t  to  co 
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dq du = --(zF'-f(~t)k(zt)'p'-)q - -  (2uf(u)k(~t) t,)2) _ i 

and tak ing  into account  that  q <0 and 2 < ( 2 - t ) / ( 1 - t ) ,  we sha l l  have 

! 

1 1 2 - - t  q _ = - - l - - - j - ,  t y - ~ / ( t ) k ( t ) d l .  
0 

Subst i tut ing Eq.  (2.17) in p lace  of  q in Eq.  (2.16), we obtain  

(2.17) 

c 
�9 ~ ' 2 - -  t o3-_ = I ~ tk (t) / (t) all. 

(, 

F o r  n =1, it is found in [51 t h a t  ~o~- I. /( .)  k ( . ) d .  
t t  

and for  n =2 

(2.18) 

O3 2 - -  - 4 i . / ( . ) k ( . ) d .  
' 0  

The estimate (2.14) is more accurate than in [5]. 

3 .  A p p r o x i m a t e  R e l a t i o n s .  L a m i n a r  F l a m e .  

The in t eg ra l s  o c c u r r i n g  in the  e s t i m a t e  for  the case  of a s t r o n g  dependence  of  f(u) on t e m p e r a t u r e  
(I dlnf(u) /du I >>1) wil l  be de r ived  app rox ima te ly .  The app rox ima t ion  c o n s i s t s  in the following: all funct ions 
which do not depend too s t rong ly  on t e m p e r a t u r e  {1 - u )  -~, (1 - u )  -2, k(u) = (1 - au)  m,  and [1 - ( 1 - u ) L e ]  n a r e  ex -  
panded in a power  s e r i e s  in the v ic in i ty  of  the  m a x i m u m  t e m p e r a t u r e  of  combus t ion  (u = 0). The function f(u) = 
exp [ -  0 0 u / ( 1 -  au)]  a l so  is r e p r e s e n t e d  by  a s e r i e s  f(u) = ( 1 -  Ooau 2 + . . . )e-00 u. 

As a r e s u l t  of  t e r m - b y - t e r m  mul t ip l i ca t ion  of the s e r i e s ,  a s e r i e s  is ob ta inedwhose  coef f ic ien t s  a r e  p r o p o r -  
t iona l  to in t eg ra l s  of  the f o r m  

i u. :~e-0O~,d.. (3.1) 
b 

e x p r e s s e d  in t e r m s  of  an incomple te  r - f u n c t i o n .  

The final  r e su l t  fo r  the ve loc i ty  ~' should be independent  of  the "cutoff"  p a r a m e t e r  ~ ; in the c o n t r a r y  case ,  
the init ial  f o rmu la t i on  o f  the p r o b l e m  (1.2)-(1.4) b e c o m e s  phys ica l ly  i n c o r r e c t .  The independence of  co on a is 
equivalent  to subs t i tu t ing  the uppe r  in tegra t ion  l imit  c in Eq. (3.1) by infinity, o r ,  what amounts  to the s a m e ,  
by neg lec t ing  t e r m s  of o r d e r  (~ne-0  0~) in c o m p a r i s o n  with uni ty.  T h e r e f o r e .  ins tead  o f  Eq. (3.1) we have 

! u,,:se_0o.d. =: r (,~ :- ~-: t) 

Let  us confine o u r s e l v e s  to the case  k(u) =1.  

We wr i te  c e r t a i n  a sympto t i c  expans ions  obta ined in th is  way with an a c c u r a c y  of (1/0 0): 

o3_ = o3~[1 + (n ~- 1)/20o(1 - -  (n + 2) ~ - -  n(Le --  1)/2)], (3.2) 
where  

V 2F (n ~- 1) Le '~ 
o3~ = 0~+1 (3.3) 

is the a sympto t i c  f o r m u l a  of  Ya. B. Z e l ' d o v i c h - L .  D. Landau.  F o r m u l a  (3.2) is val id  for  0 <Le  <1. 

O v e r  the range  of  va r i a t ion  of  1 <- Le < ~, the e s t ima te  above Eq. (2.8) has  the f o r m  

o3+ = r162 + (n @ 1)/20o.(2 - -  (n § 2 ) a -  (n/2)(Le--t))]. (3.4) 

It can be seen  that  the d i f fe rence  between Eq.  (3.2) and (3.4) is not v e r y  s igni f icant .  T h e r e f o r e ,  the a r i t h -  
me t i c  mean  will  be used  as the in te rpola t ion  fo rmu la ,  cons i s t ing  of  co_ and co+. The r e su l t  obta ined in this  way 
with s o m e  app rox ima t ion  e a n b e  ex t ended to  the  en t i r e  range  of v a r i a t i o n  of 0 < Le < ~o. The bas i s  fo r  this  ex tens ion  
is a lso that  the e s t i m a t e  (2.8) is the u p p e r  e s t i m a t e  fo r  "~02 < coo (see Fig.  1) and in the case  Le >1 the e s t i m a t e  
(2.11) is the lower  e s t i m a t e  fo r  coot >coo: 
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< o ) >  = (o)+ ,'-- o)_)/2 = co~ {1 + [(n + 1)/200](3/2 --  (n ~- 2)~ --  (n/2)(Le - -  I))}. (3.5) 

When Le is finite and 00>>1 , the uppe r  (3.4) and lower  (3.2) e s t i m a t e s  coinc ide ,  so that  f o r m u l a  (3.3) a lso has a 
an a sympto t i c  mean ing  when Le ~1.  In a n u m b e r  of  c a s e s ,  it will  give a good r e su l t  also for  va lues  of  00 which 
a re  not too l a rge  (Table 1) because  of  c o m p e n s a t i o n  in the s igns  of  the expans ion  coef f ic ien ts  of  o r d e r  (00-1). 
In the case  I . e +  ~, we find f r o m  Eq. (2.14) and (2.18) 

o)_  = ( i l  V00)[1  + (0 ,5  - o)I001, n = l ;  (3.6) 

00- = (U2/0o)[t + (0,5 --  3 ~)/0o], n = 2. (3.7) 

C o m p a r i s o n  of  f o r m u l a s  (3.2) and (3.4)-(3.7) with the r e s u l t s  obta ined  by the method  of  combined  a s y m p -  
to t ic  expans ions  (CAE) [6, 7], g iven in Table  2, where  a, b, and c a re  the expans ion  coef f ic ien ts  of  o r d e r  
(1/0), is  r e p r e s e n t e d  in the f o r m  0 0 - t [ a - b a - c ( L e - 1 ) ] .  F o r  Le  =~o, w ~ ( n = l ) = l / ~ r ~ 0  and w ~ ( n = 2 ) = 4 ~ ' f 0 0 .  
C o m p a r i s o n  with the n u m e r i c a l  ca lcu la t ion  o f  the b o u n d a r y - v a l u e  p r o b l e m  on a c o m p u t e r  is given in Tab les  
1 and 3. Here  co 0 (computer)  is the n u m e r i c a l  ca lcu la t ion ;  /x~ =~o~/~o0, A(CAE)=~o [6, 71/%, A =~O_/C,~O, and 
<A > = ~  >/20 a re  the c o r r e s p o n d i n g  devia t ions  f r o m  the exac t  value o f  the ve loc i ty .  

4 .  E s t i m a t e s  o f  t h e  C o m b u s t i o n  V e l o c i t y .  V e r y  S l i g h t l y  T u r b u l e n t  F l a m e  

The combus t ion  ve loc i ty  w0 is the e igenva lue  of  the p r o b l e m  [8, 9] 

dp/du = (I)(u, p)/p - -  (o, p(O) = p(l) = O, 

~ ( u  + Fp) + (p(u - -  Fp), O ~ u ~ e 
2~(u, P) [ O , e < u ~ t ,  

,~(u) = u . / ( u ) .  

(4:1) 

The der iva t ion  of  the equat ion  fo r  w 0 is s i m i l a r  to the de r iva t ion  o f  Eq. (2.3), 

d~o/dt = (1)(t, 00o(1 - -  t))/c%(t - -  t)(l - -  t - -  q), 000(0) = 0. (4.2) 

A c c o r d i n g  to the t h e o r e m  of  e s t i m a t e s  [2], q = O-p(00,u)/O(o < O. A s s u m i n g  that  q =0,  we find f r o m  Eq. (4.2) the 
equat ion fo r  de t e rm i n i ng  w+: 

d001/dt = (1)(t, 001(1 --  t))/001(l - -  t) ~, 001(0) = 0, oh(e ) = 00+. (4.3) 

By m e a n s  of  Eq. (4.1), we obtain  

q = - -  t +,~ Op \ p l qdu" (4.4) 

With sma l l  va lues  o f  Fp in expans ion  in power s  o f  Fp 

(O/Op)(O/p) = (l/p2){ --  q0(u) -4- r § . . . }  

the p r inc ipa l  cont r ibu t ion  is made  by the f i r s t  t e r m  in the c u r l y  b r a c k e t s ,  and  t h e r e  O/Op.(O/p)~O. Using 
th is  inequal i ty ,  we find f r o m  Eq. (4.4) tha t  q > - t .  The equat ion fo r  de t e rmin ing  w_ is obta ined  f r o m  Eq. (4.2), 
if  we put q = - t .  

d00Jdt = ~ ( t ,  002(1--t))/00~(1 --  01002(0) =0 ,  00~(e) = 00_. (4.5) 

Table  4 shows the r e s u l t s  o f  a n u m e r i c a l  computa t ion  w 0 (computer) ,c2+,  ~o_, and A = <w >/w0. 

In o r d e r  to obtain  the approx ima te  r e l a t ions  in the expans ion  of  (~ in power s  of  Fp (the case  of  s m a l l  
t e m p e r a t u r e  pulsa t ions) ,  we l imi t  o u r s e l v e s  to two t e r m s :  

~ ~(u) + r 

Subst i tut ing th is  app rox ima te  value of  �9 in Eq. (4.3) and(4 .5 ) ,  we find 

E 

f ~(u) . F2qD, 00~_ = 00~(e) = 2 (l-y-~-~ exp [--  (u)l du; 

f~(,) 00 2 _ = o)22 (e) = 2 j ~ exp [--  F ~ ((p (u) + ~' (u) (1 - -  u))] du. 
0 

( 4 . 6 )  
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T A B L E  1 

~=0,6, 

l-e-t Lo0 eom~-7 I' l ~,CAE I 

0,2 O.234 1..35 0,75 
0.6 0.167 1.08 (?,96 
t.o 0.136 1.04 0.99 
6 0.061 0.95 0,98 

IO o,o47 0.96 1,oo 

0o~101 '00 eorrlT~i=i'~ h6=0"9' ] 5_0~ 
A_ 

I <a> IP uter I cap <a> 

0,97 t,04 0.2'21 t.43 0.67 0,90 0.97 
0.96 1.02 0.155 1.17 0.9~ 0.94 0.99 
0.96 1.01 0.127 t. 11 0.97 0.92 0.98 
0.92 0.97 0.055 1.05 1 0.93 0.96 
0.94 0.98 0.043 1.05 1 ().91 0.98 

T A B L E  2 

I t o)~ (3.2) ~' O<Le<~ I l<Le<o~ o [61 Le-O(1) [ (3,7) Le=~ [ [71 Le=r 

a I 2 t.344 0,5 0.82 
1 b 3 3 3 1 1 

c 0.5 0.5 1 ~ - -  

a 1.5 3 2.1t 3.5 
2 b 6 6 6 3 

c 1.5 t.5 4.442 -- 

T A B L E  3 

Le~cr ~=0.9 

0o co~_ (2.12) ~0 Corn- t o  (2.1~) ~o_ (3,6) co [71 A ~CAE 
puter 

6 0.587 0.398 0.386 0.381 0.403 0.96 1.0t 
9 0,477 4).323 0.32[ 0,319 0.330 0.99 i.O2 

!0 0.452 0.30~; 0.305 0.304 0.314 0,99 1.03 
12 0.412 0.280 0,280 0,279 0.287 1 t,03 

T A B L E  4 

6=0,8, n~l 

1 0 , 2 3 0 6  0 ,2109 0,1938 1.01 
4 0 ,3218  0,2511 0.1959 1.03 
7 0 ,4755  0 ,3352 0.2130 1,02 

14 
1 0 .0995  0.09fl2 0.0918 0,99 
4 0 .1238 0,1101 0.0967 1.00 
8 0.1904 0. i568 0,1135 0.97 

T A B L E  5 

0, F Oa { O ) ,/Oo 

6 l 0.2109 i.00 
4 0.2511 1,42 

i4 1 0.0962 i,02 
4 0.1101 t,i2 

I f  we e x p a n d  the  e x p o n e n t i a l  f u n c t i o n s  in E q .  (4.6) in s e r i e s  w i t h  r e s p e c t  to  t h e  e x p o n e n t  and we l i m i t  o u r s e l v e s  

t o  t w o  t e r m s  o f  t h e  e x p a n s i o n ,  t h e n  

g (t --  u)"~ ~ au;  

b l - ~  o t - ~  d . .  

(4.7) 

T h e  f i n a l  r e s u l t  is  o b t a i n e d  i f ,  in t h e  e v a l u a t i o n  o f  t h e  i n t e g r a l s  in E q .  (4.7),  we u s e  the  s a m e  m e t h o d  as  in t he  
c a s e  o f  t h e  l a m i n a r  f l a m e :  

((0> = (o_~ {1 + [(n & i)/200](3/2 - -  (n + 2) o)} §  + i ) r ( 2 n  + 1) /2o~ (2 00)~,,+l]F :. (4.8) 

C o m p a r i s o n  o f  t h e  a p p r o x i m a t e  v a l u e s  o f  t h e  c o m b u s t i o n  v e l o c i t y ,  c a l c u l a t e d  by f o r m u l a  (4.8) f o r  t h e  s a m e  
p a r a m e t e r s  as  in T a b l e  4, w i t h  e x a c t  v a l u e s  o f  co o i s  g i v e n  in T a b l e  5. 

T h e  m e t h o d  o f  e s t i m a t e s ,  in c o n t r a s t  f r o m  t h e  m e t h o d  o f  c o m b i n e d  a s y m p t o t i c  e x p a n s i o n s ,  has  t he  d r a w -  

b a c k  t h a t  i t  d o e s  no t  c o n s i s t  o f  t h e  s t a n d a r d  p r o c e d u r e  f o r  f i nd ing  the  i n i t i a l  " b e s t "  e s t i m a t e .  H o w e v e r ,  o n c e  
it  ha s  b e e n  found,  s u b s e q u e n t  e s t i m a t e s  c a n  be  r e f i n e d  by t h e  s t a n d a r d  p r o c e d u r e s  f o r  e x a m p l e ,  by C h a p l y g i n ' s  
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method [10]. Among the advantages  of the method of e s t i m a t e s ,  we should make  mention of the following: f i r s t ,  
the s impl i c / ty  in finding subsequent  expansions  in powers  of 1/00, second, a knowledge of the range o v e r  which 
the exact  solution is appl icable;  and the s impl ic i ty  of genera l iza t ion  to a heat  r e l e a s e  function which is d i f fe r -  
ent f r o m  the Arrhen ius  function. P r e l i m i n a r y  r e su l t s  of this  pape r  as appl icable  to l aminar  f l ames  a r e  d i s -  
cussed  in [11]. 
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NONLINEAR ANALYSIS OF THE FLOW 

THE SUDDEN MOTION OF A WEDGE 

I N I T I A T E D  BY 

V.  V .  T i t a r e n k o  UDC 538.6.011 

Cer ta in  s e l f - s i m i l a r  p rob l ems  involving the sudden motion of a wedge which were  t r e a t ed  in the 
l inea r  approximat ion  in [1-3] a re  studied by the method of matched  asymptot ic  expansions.  The 
nature  of  the wave boundary of the pe r tu rbed  region is de te rmined .  Second-approximat ion  solu-  
t ions are  cons t ruc ted  which desc r ibe  flows behind weak shock fronts  propagat ing in a s ta t ionary  
gas and behind f ronts  of  weak discontinuity l ines propagat ing by known un i fo rm flows. A bound- 
a ry -va lue  p r o b l e m  is fo rmula ted  whose solution de sc r ibe s ,  in f i r s t  approximat ion,  flows in the 
neighborhoods of points of  in teract ion of the f ronts .  The exis tence  of s im i l a r i t y  ru les  of flows in 
these  nieghborhoods is e s t ima ted .  An approximate  solution of the p rob l ems  is given. 

w 1. Let  us c o n s i d e r t h e  flow of a s t a t ionary  ideal poly t ropic  gas a r i s ing  f rom the sudden motion of an in- 
finite wedge with constant  ve loci ty  W 0 l a the  negative Ox direct ion.  The p a r a m e t e r s  of this s e l f - s i m i l a r  p rob-  
l em are  the Mach num ber  of  the wedge M0=W0/a 0, the adiabat ic  exponent of the gas y ,  and the angles oQ, ~z 
between the edges  of the wedge of the Ox axis .  The following cases  are  examined;  a) a wedge with a r b i t r a r y  
ve r t ex  angle moving at low veloci ty  M0<< 1; b) a thin wedge a] =c~ v<l movingwi th  subsonic veloci ty;  c} a th inwedge  
moving with superson ic  veloci ty  (Fig. la_-b,, e , respee t ive ly) .  In the l a t t e r  case  the condition ozM 0 ~- 1 m u s t  be sa t i s f ied .  

Saratov.  T r a n s l a t e d  f r o m  Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 3, pp. 37-47, May- 
June, 1976. Or ig inal  ar t ic le  submi t ted  June 26, 1975. 
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